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A PROBABILISTIC APPROACH
TO POSITIVE HARMONIC FUNCTIONS IN A SLAB
WITH ALTERNATING DIRICHLET
AND NEUMANN BOUNDARY CONDITIONS

ROSS G. PINSKY

ABSTRACT. Let Q = R% x (—1,1), d > 2, be a d + 1 dimensional slab. Denote
points z € R by 2z = (r,0,y), where (r,0) € [0,00) x S ! and y € R.
Denoting the boundary of the slab by I' = 91, let

oo
I'p={z=(r0,y)el:re U (an,bn)},
n=1
where {(an,bn)}52 is an ordered sequence of intervals on the right half line
(that is, an4+1 > bp). Assume that the lengths of the intervals are bounded and
that the spaces between consecutive intervals are bounded and bounded away
from zero. Let Ty =T —T'p. Let Cg(Q;Tp,T'x) and Cp(Q;Tp,T'x) denote
respectively the cone of bounded, positive harmonic functions in €2 and the
cone of positive harmonic functions in Q which satisfy the Dirichlet boundary
condition on I'p and the Neumann boundary condition on I'.
Letting pn = bn — an, the main result of this paper, under a modest
assumption on the sequence {pn }, may be summarized as follows when d > 3:
1IN0, m < o0, then Cp(Q2,I'p,I'y) and Cp (2, T'p, 'y ) are both
one-dimensional (as in the case of the Neumann boundary condition on the
entire boundary). In particular, this occurs if p, = exp(—n!) with [ > 2.

2. IF Y0 m =ooand ) > “Ogn# = 00, then Cp(Q,I'p,T'y) =
@ and Cp(Q,I'p,'y) is one-dimensional. In particular, this occurs if p, =
exp(—n?).

1
3. IEY 07 “Og‘ﬁ# < 00, then Cp(,T'p,I'n) = @ and the set of minimal
elements generating Cp(Q,T'p, ') is isomorphic to S?~1 (as in the case of
the Dirichlet boundary condition on the entire boundary). In particular, this
occurs if p, = exp(—n!) with 0 <1 < 2.
When d =2, Cp(Q,T'p,I'ny) = @ as soon as there is at least one interval of
Dirichlet boundary condition. The dichotomy for Cp(2,'p, ') is as above.

Let Q = R¥x (—1,1),d > 2, be a d+ 1 dimensional slab. Denoting the boundary
of the slab by T' = 99, let I'p be a relatively open subset of I', let Ty = I' — I'p,
and assume that I'p is sufficiently nice so that ' — I'y — I'p C R g polar
for d + 1-dimensional Brownian motion. Consider a d + 1-dimensional Brownian

Received by the editors January 4, 1999.

1991 Mathematics Subject Classification. Primary 35J05, 31C35, 31B05, 60J50.

Key words and phrases. Positive harmonic functions, Martin boundary, Dirichlet boundary
condition, Neumann boundary condition, harmonic measure.

This research was done while the author was on sabbatical at the Courant Institute of Math-
ematical Sciences.

(©2000 American Mathematical Society

2445



2446 ROSS G. PINSKY

motion in 2 which is killed at I'p and normally reflected at I'y. No condition is
imposed on I' — I'p — 'y, since with probability one, the Brownian motion will
never reach this part of the boundary. The generator of this Brownian motion with
reflection and killing is %A in Q with the Dirichlet boundary condition on I'p and
the Neumann boundary condition on I'y. In this paper, we use probabilistic tools
to study the cone Cp(Q;T'p,I'y) of bounded, positive harmonic functions in 2
and the cone Cp(Q;T'p,T'n) of positive harmonic functions in  which satisfy the
Dirichlet boundary condition on I'p and the Neumann boundary condition on I'y.

In order to motivate this problem, we note what occurs in the case that I'p = &
and in the case that I'p = I'. In the case that I'p = &, that is, the case in
which reflection occurs along the entire boundary, Cg(Q2, @,T') = Cp(Q,2,T) =
{ the positive constants }; in particular, these cones are one dimensional. On the
other hand, in the case I'p =T, that is, the case in which killing occurs along the
entire boundary, the cone Cp(Q, T, &) is empty while the set of minimal elements
generating the cone Cp(Q, T, @) is isomorphic to S%~!. (In fact, the cone is gen-
erated by the functions {e2%% cos Z}pcga-1, where z € R and y € [—1,1].) The
fact that Cg(Q2,T', @) is empty follows from (1.2) below. The proofs of the claims
concerning Cp(Q,2,T') and Cp(2, T, &) are sketched at the end of this section,
and a reference is provided.

Denote points z € Q by z = (r,0,y), where (r,6) € [0,00) x S9~! denote polar
coordinates in R? and y € (—1,1). In this paper, we will assume that I'p has the
form

(1.1)
I'p= {z = (7“797y) cl':re U(arubn)}v

n=1

where {(an,b,)}o; is an ordered sequence of intervals on the right half line
(that is, b, < any1) satisfying

sup(b, — an) < 0o and
0 < inf(ap+1 — by) < sup(any1 — by) < 0.

In other words, we assume that I'p is composed of a countable number of uniformly
bounded radial intervals and that the distance between neighboring intervals is
bounded and bounded away from zero.

Before turning to the details, we describe briefly the nature of our results. It
turns out that there are two threshold sizes for I'p. Assume first that d > 3. If
I'p is sufficiently small, then Cp(2,T'p,T'x) and Cp(Q,T'p,T'y) will both be one
dimensional, as in the case that I'p = @ (although, of course, the elements of these
cones will no longer be the positive constants). In particular, this will occur if
b, — an = exp(—nt) with [ > 2. If T'p is sufficiently large, then, as in the case that
I'p =T, Cp(Q,T'p,I'y) will be empty while the set of minimal elements generating
the cone Cp(Q, ' p,T'x) will be isomorphic to S4~1. In particular, this will occur if
by, — a, = exp(—n!) with [ < 2. In between these two thresholds lies a narrow range
where Cp(Q,T'p,'y) will be empty and Cp(Q,I'p, 'y ) will be one-dimensional. In
particular, this will occur if b, — a,, = exp(—n?). When d =2, Cg(2,I'p,I'y) = @
for all I'p as above, and more generally, for any I'g which contains a relatively open
set. The smaller of the two threshold sizes is now at I'p = @ and the larger one is
as in the case d > 3.
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We now discuss the probabilistic representation of Cp(Q,I'p,I'y) and of
Cp(2,T'p,I'y). Before starting to define processes, we note that the canonical path
notation z(t) = (r(t),0(t),y(t)), along with the filtration F; = o(2(s),0 < s < ¢),
will be used throughout; processes will be distinguished by the measure. Through-
out this paper, P, and E, will denote probabilities and expectations for a Brownian
motion in ) starting from z € Q, with reflection along the entire boundary.

Let o = inf{t > 0: 2(t) € I'p}. Then it is easy to demonstrate that

Cp(,T'p,I'y) =@ if and only if P,(0c < o) =1,

1.2
(1.2) for some, or equivalently, for any z € Q.

To see this, first note that ug(z) = P,(0 = o0) is harmonic and thus, by the strong
maximum principle, either P,(c < oo) = 1 for all z € Q or P,(0c < o0) < 1
for all z € Q. Thus, in the latter case, ug € Cp(Q,T'p,I'n). For the other di-
rection, assume that u € Cp(Q,T'p,T'n). Then u(z(t A o)) is a bounded martin-
gale. Under the assumption that P,(c < oco) = 1, we arrive at the contradiction
u(z) = limi— oo Eou(z(t Ao)) = E,u(z(o)) = 0.

Before considering the probabilistic representation for Cp(Q2,T'p,T'y), we recall
its analytic representation via the Martin boundary at infinity for the operator %A
on 2 with the mixed Dirichlet and Neumann boundary conditions. Let G(z,w)
denote the Green’s function for %A in Q with the mixed Dirichlet and Neumann
boundary conditions. (The probabilistic representation of G(z,w) is as the density
in w of the Green’s measure G(z, A) = E. [ 14(2(t))dt.) Fix zp € Q and define

G(zw)

k(z,w) = 7G(z0,w)'

For any sequence {w, } C Q satisfying lim,,_,c |w,| = 00, there exists a subsequence
{w!,} such that u(z) = lim,_, k(z,w)) exists and u € Cp(;T'p,T'n). A sequence
{wy} for which lim,_,c k(z,w,) € Cp(,Tp,T'x) is called a Martin sequence, and
two such sequences giving rise to the same element in Cp(Q2,I'p, ') are defined to
be equivalent. The collection of equivalence classes is called the Martin boundary
at infinity. Denote the Martin boundary at infinity by A, denote elements in A
by ¢, and denote the positive harmonic function in Cp(Q2,I'p,'y) corresponding
to ¢ by u(-;¢). A function u € Cp(Q,T'p,T'x) is called minimal if whenever v €
Cp(Q,Tp,T'y) and v < u, then in fact v = cu for some ¢ > 0. The minimal
Martin boundary at infinity is defined by Ag = {¢ € A : u(+;¢) is minimal }. The
Martin representation theorem states that, for each u € Cp(2,I'p, 'y ), there exists
a unique finite measure v, on Ag such that u(z) = on u(z; Q) (dQ).

We now turn to the probabilistic representation for Cp(Q2,I'p,I'y). Actually,
more precisely, we give a probabilistic representation for the Martin boundary at
infinity for the operator %A in © with the mixed Dirichlet and Neumann boundary
conditions. Let Qo = {(r,0,y) € Q: r < 1} denote the unit cylinder in Q. Define
the stopping times 7. = inf{t > 0 : r(¢t) = r}. Note that starting from Q — Qq, the
first hitting time of Qg is 71. Let

(1.3) h(z) = P,(11 < 0).

Then %Ah = 0 in Q — Qp, and h satisfies the Dirichlet boundary condition on
I'p — 099 and the Neumann boundary condition on I'y — 0€. The Brown-
ian motion with reflection along the entire boundary, conditioned on the event
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{m < o}, and run until 7y, is generated by the h-transformed Laplacian %Ah (de-
fined by Af = %A(hf)) with the Neumann boundary condition on I'y — 0.
(No boundary conditioned is imposed on I'p — 9§ because it is inaccessible under
1AM) Writing out A" explicitly (note that h does not depend on ), we have

182+d—18+hr(’9)+(182 hyc?)_’_lA

2 Or2 2r Or  h Or 2002 " h oy’ 22t
where Aga—1 denotes the Laplace-Beltrami operator on S?~1. Denote by P! and E”
the probability and corresponding expectation for the conditioned process starting

from z € Q. Define the conditioned exterior harmonic measure on S4~1 x[—1,1]
by

(1.5)

(1.4) %Ah = (

1-(df, dy) = P.(0(r1) € df,y(r1) € dy|ry < o)
= PMO(ry) € df,y(m1) € dy).

The connection between the Martin boundary and the conditioned exterior har-
monic measure is direct: a sequence {w, } satisfying lim,,_,~ |w,| = oo is a Martin
sequence if and only if the sequence {u., (df,dy)} of probability measures con-
verges weakly as n — oo. Furthermore, two such sequences are equivalent Martin
sequences if and only if they give rise to the same limiting measure. (See [2],
[3] which deal with the Dirichlet boundary condition; the introduction of mixed
boundary conditions causes no problem.)

We now state two assumptions on the lengths of the intervals which form the
boundary set I'p.

Assumption 1. p, = b, — a, is “essentially decreasing”; that is, there exists an
integer (@ > 1 such that

pm < pn, for m > Qn.
Assumption 2. Let p, =b,, — a,.

|10g pnl

s | log Pn|
If liminf — 3

=0, then limsup < 00

n—oo n n—oo
Under these two assumptions, our results give succinct necessary and sufficient
conditions. Without these assumptions, the statements of the results are a bit
cumbersome and fall just short of being necessary and sufficient. Thus, for the sake
of clarity of exposition, we present Theorem 1 under Assumption 1 and Theorem 2
under Assumptions 1 and 2, and then go on to the more general Theorems 1’ and
2’
Theorem 1. Let T'p be as in (1.1), let pp, = by, — ay, and let Assumption 1 hold.
i. Ifd >3 and

(1.6)

then

8

n
| log pn|

< 00,

3
I

ii. Ifd=2, orifd>3 and

(1.7) Yy =0,
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then
P,(0 < x0) =1.
In case (i), Cp(Q,T'p,T'n) is one dimensional, and in case (ii), Cp(Q,T'p,I'y) = 2.

Theorem 2. Let T'p be as in (1.1), let p, = by, — ay, and let Assumption 1 and 2
hold.

i If
[e'e] 1 " 1
(1.8) 3 |°gni’2’|2 < oo,
n=1

then for any sequence {ry, 0n,yn} satisfying lim, o r, = 00,

lim iy, 0, .y, exists if and only if lim 60, exists.
n—oo n—0oo

Thus, the Martin boundary at infinity for %A in Q with the mized Dirichlet
and Neumann boundary conditions is isomorphic to S®='. Furthermore, every
Martin boundary point is minimal, so the set of minimal elements generating
the cone Cp(Q,Tp,T'n) is isomorphic to S4=1.

ii. If

> |lo |%
(1.9) Yo R o,

then for any sequence {ry,0n,yn} satisfying lim, o r, = 00,

B fir, g, .y, exists

n—oo

Thus, the Martin boundary at infinity for %A i Q with the mized Dirichlet and
Neumann boundary conditions consists of one point, and the cone Cp(Q2,T'p,T'n)
is one-dimensional.

Remark 1. The connection between the weak convergence of exterior harmonic
measures and the Martin boundary, presented before Theorem 1, does not dis-
tinguish minimal Martin boundary points from non-minimal ones, yet in part (i)
of Theorem 2, it is stated that all the Martin boundary points are minimal. The
reason for this is that at least one point must be minimal, of course, and then by
spherical symmetry they all must in fact be minimal.

Remark 2. By Holder’s inequality with p = % and ¢ = 3, we have

n=1 n=1 ns |10gpn
o~ [logpal? 20 n
<( 3 E
2 (U g

1
From this it follows that if 3777 | o < oo, then 3777, “Ogn%lz = co. In light
of Theorems 1 and 2, the above calculation verifies the existence of two threshold
values as explained at the beginning of this section, following (1.1). To summarize,

the following three regimes exist when d > 3:
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1. (Neumann paradigm) If

z_: logpn
then Cp(2,T'p,I'y) and Cp(Q,I'p,I'y) are both one-dimensional (as in the case
of the Neumann boundary condition on the entire boundary). In particular, this
occurs if p,, = exp(—n') with [ > 2.

2. (Dirichlet paradigm) If

then Cp(2,T'p,I'y) = & and the set of minimal elements generating Cp(Q,I'p, ')
is isomorphic to S9! (as in the case of the Dirichlet boundary condition on the
entire boundary). In particular, this occurs if p, = exp(—n') with [ < 2.

3. (Hybrid paradigm) If

7 Ilogp 2 _
=00 and L o,
2 Togpu] IR

then Cp(Q,I'p,I'y) = @ and Cp(, T'p, ') is one-dimensional. In particular, this
occurs if p,, = exp(—n?).

When d = 2, it’s easy to show that Cg(2,T'p,I'y) = & as soon as there is at
least one interval of Dirichlet boundary condition (see the beginning of the proof

of part ii of Theorem 1). If >, Lo pal? _ 00, then Cp(Q,I'p,I'y) = @ and

n2
1
Cp(Q,I'p,Ty) is one-dimensional (the hybrid paradigm), while if >~ “Ogn# <
oo, then Cp(,T'p,I'y) = @ and the set of minimal elements generating

Cp(Q,Tp,T'y) is isomorphic to S¢~! (the Dirichlet paradigm).
We now state versions of Theorems 1 and 2 without Assumptions 1 and 2.

Theorem 1. Let T'p be as in (1.1) and let p, = b, —
i. Ifd >3 and

(1.10) i

then

| log pn|

P,(0 < x0) < 1.
ii. Let g € (0,1) and define

- = min .
Pann = i tignlmy O

Ifd=2, orif d > 3 and for some q € (0,1),

o0

(1.11) P L)

n=1 |1Og Pqn,n|
then
P.(0c <) =1
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Thus, by (1.2), Ce(Q,T'p,T'y) # @ in part (i) and Ce(Q,T'p,T'n) = & in part
(ii).
Theorem 2'. Let U'p be as in (1.1) and let pp, = by — ay.

i. Let ¢ > 1 and define

= min .
Pran = petmonian)
If, for some g > 1,
0o — 1 —
|10g pry gul? 1108 pry gl
1.12 A v e < oo,
(1.12) nz::l 2 3 0

then for any sequence {ry, 0n,yn} satisfying lim, o 1, = 00,

lim iy, 0, .y, exists if and only if lim 60, exists.
n—oo n—oo

The Martin boundary is as described in part (i) of Theorem 2.
ii. Let ¢ > 1 and define

+ o~ max :
Pr,qn ke{n,.~~7[qn]}pk
If, for some q > 1,
X, [logpfgnl® | 1
1.13 e e
iy g = no >

then for any sequence {ry,0,,yn} satisfying lim, o r, = 00,

lim fir, 0, .y, exists.
n—oo

The Martin boundary is as described in part (ii) of Theorem 2.

It is easy to see that under Assumption 1, the convergence/divergence specifi-
cations in Theorems 1’ and 2’ are equivalent to the corresponding ones with p,
in place of p, ., Pr.gn OF P 4n> and that under Assumptions 1 and 2, the conver-
gence/divergence specifications in Theorem 2’ are equivalent to the corresponding
_ 1 _ 1 1
ones with Hogpﬁ”gq"‘z \% |log£;)qn| and llogpnj”;’q"lz /\% replaced by “Ogn%lé. Thus,
with the exception of the claim in part i of Theorem 1 stating that Cp(Q,T'p, ')
is exactly one-dimensional, Theorems 1 and 2 follow directly from Theorems 1’
and 2. The one-dimensionality of Cg(2,I'p,'y) follows from the second remark
after Theorem 2, which indicates that if part i of Theorem 1 holds, then part ii of
Theorem 2 must hold.

Remark. The reason we can’t say that Cp(Q2,To,I'y) is exactly one-dimensional
in part i of Theorem 1’ is that (1.10) does not quite imply that (1.13) holds. The
reason p,, does not need to be replaced in part i of Theorem 1’ is due to a correlation
inequality used in its proof.

We conclude this introductory section by sketching what occurs in the two cases
when the Neumann condition (reflection) or the Dirichlet condition (killing) is im-
posed along the entire boundary. Denote by hy and hp the h-function appearing
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in (1.3) for the Neumann and the Dirichlet cases respectively. In the Neumann
case, we have

1 ifd=2
1.14 h(r0,y) = hn(r) =4 |
(1.14) N(r,0,y) = hn(r) {72—(1, if d > 3.

The hy-transformed Laplacian, %AhN = %A + V,L—}JLVN -V, is given by

1 92 +3—d8)+182 4 1 A
2 0r? 2r Or sat

hn _ -
(1.15) AM = ( 20y7 T 22

1
2
In the sequel, we will need to work with the diffusion generated by A"; we will

denote the probabilities and expectations associated with %AhN by Ph~N and E'~.
In the Dirichlet case, we have

hp(r,0,y) = h(r,y) = g(r) cos(my/2),

where g is the minimal positive solution to the equation g’ + % g — %g =0in

(1,00) with g(1) = 1. The hp-transformed Laplacian is given by

19> d-10 g(r)0 102 0
202 T 2 or T g 3 T (3gE T 3 (m/2p,)

1
+ Z—TQAsd—l.

Using the fact that % satisfies a Ricatti equation, it is not hard to show that there

exist constants c1, co > 0 such that ¢; < —%(r) < ¢g, for all r > 1 [3, pp. 394-395].

Thus, the negative drift in the r-direction of A"~ is only on the order of %,
while that of A" is on the order 1. Consequently, the conditioned Brownian
motion reaches g much more quickly in the latter case. Denote by u and pP
the conditioned exterior harmonic measures for the Neumann boundary condition
case and the Dirichlet boundary condition case respectively. It turns out that
in either case, as |z| — oo, the y-marginal of the conditioned exterior harmonic
measure approaches the ergodic equilibrium measure for the one-dimensional pro-
cess in the y variable; however, the #-marginal approaches the normalized uni-
form measure on the sphere only in the latter case. More precisely, in the Neu-
mann case, lim,_, u%oyyo (db,dy) = %U(d@)dy, where U is the uniform proba-
bility measure on S%~!, whereas in the Dirichlet case, lim,_, . ”Beo,yo (df,dy) =
Uy, (df) cos®(my/2)dy, where Uy is a probability distribution and Uy, # Uy,, for
01 # 0. It thus follows that, in the former case, the Martin boundary at infinity is
one point while in the latter case it is isomorphic to S~ (see [3]).

Thus the intuition for the case under study is clear: the larger (smaller) I'p,
the more rapidly (slowly) the conditioned process reaches Q. As Theorems 2 and
2’ demonstrate, there is a threshold size for I'p above which the #-component of
the conditioned exterior harmonic measure will approach a limit dependent on the
initial f-value, giving a Martin boundary isomorphic to S~!, and below which it
will approach the normalized uniform measure on the sphere irrespective of the
initial #-value, giving a one point Martin boundary. For a related work which
uses this method to study positive harmonic functions with the Dirichlet boundary
condition in a horn-shaped domain, see [I].
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For the proofs of the two theorems, in light of condition (1.1), we may assume
without loss of generality and in order to simplify notation that

1 3
(1.16) n+1<an<bn<n+z,n21.

Note that the process (r(t),y(t)) is Markovian in its own right under P, g, under
Py and under P, ~and that the process r(t) is Markovian in its own right

6.y’ .6,y
under P, g ,, and under Prhg’ v Thus, in the sequel, when appropriate, we will use
the notation P, Pr}fé", Pffy, P,, and P"~. (In particular, § plays no role at all in

Theorem 1’.) The following lemma will be used for the proofs of both theorems.

Lemma 1. Let {(ax,br)}72, be a sequence of intervals satisfying (1.16). Let Pr 4(+)
be a generic notation indicating any of the following probabilities:

Poy()s Pay()s Puy( |Tasr < Tagr), PM( [Tngt < Taz1).
Then there exist positive constants ¢,C depending only on the dimension d such

that

c
— <
|log py|

for ye (—-1,1), n=2,3,...,

1 1
Pry(@ < Tni Amnoa) <€ (Ilogp | " Tlogp 1|>’
where pp, = by, — ay.

We postpone the longish proof of Lemma 1 until section 4 at the end of the
paper. Theorem 1’ is proved in section two and Theorem 2’ is proved in section 3.

2. PrRoOF OoF THEOREM 1’

We prove each of the two parts separately.

Proof of part i. Define stopping times
vo =inf{t > 0:r(t) € Z},
Vi1 =inf{t > v; : |r(t) — r(v;)| = 1}, for j > 0.

For k > 1, let Uy denote the total number of upcrossings of the interval [k, k + 1]
by r(t); that is,

Ui =card{j : r(v;) = k,r(vj41) = k+ 1}.

Similarly, let Dy denote the total number of downcrossings of [k, k + 1]; that is,
Dy =card{j :r(v;) =k +1,r(vj41) = k}.

Since lim .o 7(t) = 00, a.s. P, (recall that d > 3), it follows that
Up,=Dp+1as. P.,, forr <kandk > 1.

Letting Uy = 1 for convenience, note also that under P, ,, for £ = 1,2,..., the
number of j’s for which r(v;) = k is equal to Dy + Ui_1. Using these facts and the
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strong Markov property gives

oo
Py y(0=00) = E1, H Pr(uj),y(l/j)(yj+1 <o)
=0

S
> El,y H 1’!1}f Pr(uj),y’(Tr(V])fl A Tr(vj)+1 < U)
j=0

00 Dy+Uk—1
=By [] (i;%f Preyy (Th1 A Thepr < 0))
k=1

0 Up_1+Ur—1
= El,y H <1Il/f P]“y/ (Tk,1 A T4l < U)) .
k=1 N7

In order to continue the above calculation, we need a correlation inequality for the
random variables Uy. [l

Lemma 2. The random variables {Ui}32 , satisfy the following correlation inequal-
ity: For any positive integers k and n, nonnegative numbers my, me and positive
numbers {c;}7_g,
(2.2)
n n
Py y(coUs > my, ZCjUkJrj > mg) > Piy(coUp > ml)Pl,y(Z ¢jUrtj > ma).
Jj=1 Jj=1

Proof. In the proof, we will use without comment the fact that the distribution
of U; under P, does not depend on y € (—1,1) or on I < j. Without loss of
generality, assume that T—Ol is a positive integer. Let n; be the time of the T—Ol—th
upcrossing of [k, k + 1] if there are at least that many upcrossings, and let 77 be
equal to oo otherwise. Since r(n1) = k+ 1 if m1 < oo and since up until 7, there
may have already been some upcrossings of intervals [k +m, k+m + 1], for m > 1,

it follows from the strong Markov property that

n
Pl’y(COUk Z m, Z cmUk4m = ma > m2|-7:771)
m=1
n

> 1con2m1Pk+1,y(Z CmUk-i-m > m2)

m=1
n

= 1con2m1P1,y(Z CmUk+m > m2)-
m=1

Taking expectations of both sides above, the result follows. O
The following lemma gives the tool for applying the above correlation inequality.

Lemma 3. Let {a;}72, and {3;}32; be increasing sequences of real numbers, and
let i and v be probability distributions on {a;}52, x {3;}32,. Assume that each
marginal of p coincides with the corresponding marginal of v. Assume in addition
that

oo oo

(2.3) Z wlag, Br) > Z v(ay, Br), for all j,k.

l=j,r=k l=j,r=k
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Let G be a bounded function on {a;}32, x {B3;}52, whose mized discrete partial
derivative is nonnegative; that is,

Gi2(aj, B5) = Gy, Bir1) — Glajy1, B5)

(24) _ G(OéjaﬂjJrl) + G(Oéj, ﬂ]) >0, for all j.

Then

Z Gamﬁk a]aﬁk Z Gajvﬁk O‘J76k)

J,k=1 J,k=1

Proof. Let n denote either p or v in the calculation that follows. Let 7; denote
the i-th marginal of 1 and let 72(8k) = Y ;>4 12(81) By the assumption on the
marginals of i and v, it follows that 1; and )y are the same for y and v. A discrete
integration by parts formula yields

(2.5)
> Gloy, Be)nley, Br) = Y Glay, Bi)mi (o)
7,k=1 j=1
+Z(G(alvﬂk) G(ou, Br—1))02(Bk) + Z Gra(aj, Br)( Z n(eu, Br)).
k=2 k=2 I=j,r=k
The lemma now follows from (2.3), (2.4), and (2.5). O
We now apply Lemmas 2 and 3 to (2.1).
Lemma 4. Let v = sup, Py (0 < 74—1 A Try1). Then
1
P y(o0=00)>(1—m) H Eyyexp((Us — 5) log(1 — v)(1 — Yk41))-

Proof. Let 6 =1 — v = infy, Py y(Tk—1 A Tk41 < 0). By (2.1), we have

N
(26) PLy(O' = oo) > ngnoo El,y H 5][;7k—1+Uk71.
k=1

We write

N
Uk_1+Ur—1
El,y H 6k

(2.7) =1

1

N—-1
1 1
=62 Fy, exp ; 10g 61 041)(Up, — 5)) + (log n)(Un — 5).

We now apply Lemmas 2 and 3. Let G(a, 8) = exp(—a — () and note that G
satisfies (2.4). Let p be the two-dimension distribution induced by —(log d1d2)Usr
and — Zg;;(log 0k0k+1)Ur — (logdn)Unx under Py, and let v be the two-
dimensional product distribution induced by —(logd1d2)U; under P, and
— ZkN:_Ql (log 6x0k+1)Ur — (log 6 )Un under P; ,. Note that p and v are supported
on a set of the form {a;}32; x {f3;}32; as specified in Lemma 3. In light of the
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correlation inequality (2.2), it follows that (2.3) holds for the above choice of y and
v. Thus, applying the conclusion of Lemma 3 gives

N-1

Ey y exp((log 6162)Un) exp((log 65 )Un + Y _ (10g 6x6k41)Uk)
k=2
N—-1

> En y exp((log 6102)U1)Eq y exp((log on)Un + Z (log 6x0k+1)Uk).
k=2
The above argument usmg Lemma 2 and Lemma 3 can now be applied to
Ey yexp((log dn)Un + Zk 5 ' (log 6x6k11)Uk). After N — 2 additional applications
of the argument, we end up with the inequality

N-1
E, yexp((log6162)Ur) exp((log on)Un + Z (log 0% 0k+1)Usk)
k=2

(2.8) .

> Ey yexp((logdn)Un) H E, y exp((log 0x6x4+1)Uk).
k=1

Using (2.8) in (2.7) and substituting in (2.6) proves the lemma. O
The next lemma gives the distribution of Uy under P ,,.

Lemma 5. P, (U = n) = 12_1(1 — k), for k =1,2,... and n = 1,2, ..., where
g _(kil)d 2.

Proof. The proof follows immediately from the strong Markov property and the
fact that Pyt (7% < 00) = l. O

Using Lemma 5, we calculate directly

(1- ’Yk)% (1- 7k+1)%(1 — k)
L= (1 =y) (=)l

1
(2.9) Eyyexp((Uk — 5) log(1 — ) (1 — vk+1)) =
Let 4% = max(yk,Yk+1). Then

(1= )2 (1= )2 (1= 1) _ (1=4)(1 = L)

>

(2.10) L= (1 =) (1 = vt1)li L= (1 =A%)l
o L= bAe o A= b+ e
T 0x — 1632 + 20 T—Ir — A2 + 2hs
and, since g, lp < 1,
e — UAE + UAn 29k

(2.11)

l—lk—lk:yz-f-ﬂk;yk — 11
Using (2.9)—(2.11) in Lemma 4, we obtain

oo

(2.12) Pry(o=00) > (1-m) [J(1- 12—%1,@)'
k=1

Recalling that 4, = max(yg, Yk+1), recalling the definition of v, in Lemma 4, and
using Lemma 1, we have

1 1 1
(2.13) 31 < 20

+ + ).
|log pr—1] | log px| |log pr+1]
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Also, there exists a ¢ > 0 such that

k c
2.14 1—lp=1—(—)¥2>_.
(214) =1 ()i
From (2.12)—(2.14) and assumption (1.10) in part i of the theorem, it follows that
P, (0 = 00) > 0. This proves part i.

Proof of part ii. If d = 2, then the radial process is recurrent and a simple applica-
tion of the strong Markov property shows that P,(o0 < co) =1 as soon as there is
at least one interval of Dirichlet boundary condition. We leave this to the reader.
Thus, from now on, we assume that d > 3.

In order to keep the notation simpler, we will assume that (1.11) holds for ¢ = %
It will be clear how to amend the proof for other values of q. By the strong Markov
property and the transience of the radial process, we have

o0 o0
(2.15) Py y(0=00) < H sup P,y (Th1 < 0) < H sup Py (Tn+1 A T2y < 0).
n=2 Y’ n=2 y’

Recall the definition of {v,}22, at the beginning of the proof of part i. Define
Vo,m=2,3,..., by

(216) Vn = j, if Vj = Tn+1 N T[%]

Thus, under P, ,, V,, counts the number of times the process r(¢) upcrosses or

downcrosses an interval of the form [j, j + 1] before reaching either n+1 or [§]. We
write

o0
(2.17) Py (Tns1 ATn) <o) = Z Py (Tny1 ATin) < 0,V =m).
m=1
Now for any sequence {r;}., satisfying 1o = n,r = n + 1 or [5],7; €

{5l +1,..,n}, for j € {1,2,...,m — 1}, and |r; — ;1| = 1, we have
Pn,y’ (T’ﬂJrl A Tz < 0, Vi = m|v =m, {T(Vj)};r!ol = {rj T:Bl)

(2.18) mt
= En,y H Py ) Tyt ATrjr <olTej 1 ATrjgn = T )
j=0

An application of the strong Markov property gives
Pv"j,y(Trj—l A Trj+1 < U|Trj—1 A Tri+1 = T’I"j+1)

=1-PF, (0 <7yt ATojqa|Te, 1 ATrj1 = Ty )

(2.19)
1 Erj,y(Pr(a),y(a) (7—7"]71 ATri41 = T”’j+1); o< Tp;—1/\ TrJJrl)
Py y(Trj 1t AT = Try0) '
Define
(2.20) hi(r) = Pry(Th—1 < Thy1), forr e (k—1,k+1).
(The right-hand side above is independent of y.) Then hy satisfies
1 d—1
5hg+2—rh;€:0, TG(k—l,k+1),

h(k—1)=1,  h(k+1)=0.
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Note that P.(s)y(o)(Tr;—1 A Tr;41 = Tr,,,) is either equal to h,,(r(c)) or to 1 —
hr;(r(c)). A direct calculation (or alternatively, standard elliptic theory) shows
that

(2.21) 0 < inf inf hi(r) < sup sup hi(r) < 1.
k22re (k-3 k+3) k>2 e (k-2 k+3)

In light of (1.16), (o) € (rj + 3,7, + 2)U (r; — 2,r; — 1) as. P, ,, Thus, from
(2.19)-(2.21), it follows that there exists a ¢ > 0, independent of r; and y, such

that
Prj,y(Tv"j—l A T?"j-l—l < U|Tv"j—1 A T?"j-l—l = TT"7‘+1)

(2.22) <l-c¢ inf P
R Ky (0 < Tp—1 A Tiy1)-
ke{[2]H+ 1ty Y ( +1)

Using Lemma 1 and (2.22), and recalling the definition of p_,, ,, in the statement of
part ii of the theorem, it follows that there exists a C' > 0, independent of r; and
1y, such that

P oy(Try -1 ATyt < 0T, o1 ATrjg1 = Trjyy)

<1-C max lo -1
o <1-C(_ max | Jlog )

From (2.17), (2.18), and (2.23), we conclude that
¢ Vi

(224) Pn,y’ (Tn—i-l A T[%] < O') < Emy/(l _
|10gp1

nn|

Using (2.15) and (2.24), along with the fact that the distribution of V;, under P, ,
does not depend on y’, and along with the inequality (1 — z)® < exp(—az), for
a>0and z € (0,1), we obtain

Va
(2.25) P, (0 =00) < | | E, exp(-C————).
Ilogplnn|

Let {V,}22, be a sequence of independent random variables on a probability space
with measure P and corresponding expectation £, and such that V,, has the distri-
bution under P that V,, has under P,. Then (2.25) may be rewritten as

V,
(2.26) Py, (0 = 00) < € exp( CZ — ).
| log p Ly, n|
To complete the proof of part ii, we will show that

) Vn
(2.27) Y — T — =o0as. P.

k=2 |10gpln n|

3N,

We will use the following result. O

Proposition 1. Let {X,,}22, be a sequence of bounded, nonnegative, independent
random variables. Then Y.~ | X,, = 00 a.s. if and only if >~ | EX,, = 00
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Proof. The proof of this result must appear in the literature, but since this author
found no obvious source, here is a proof. One direction is trivial. For the other
direction, assume that

(2.28) > EX, = oc.

To show that Y ° | X,, = oo a.s., will will show that Fexp(— )~ X,) = 0. Let
M be an upper bound on the random variables {X,,}5° ;. Then by the mean value
theorem, exp(—X,) < (1 — X, exp(—M)). Thus,

Eexp(— Y X,) =[] Eexp(-X.) < [ (1 — exp(-M)EX,,) =0,

where the last inequality follows from (2.28). O
To apply Proposition 1 and prove part ii, we need one more lemma.

Lemma 6. There exists a ¢ > 0 such that

(2.29) PV, >n?) >

=RE

In particular then,
(2.30) E(Vn An?) > cn.

Proof. Since they have the same distribution, we may work with V,, under P,, rather
2—d__ 2-d

than with V,, under P. Note that Pn(T[%] < Tpg1) = M% > £, for

some ¢ > 0. Recall from (2.16) that under P%!y, V. counts the number of times

the process r(t) upcrosses or downcrosses an interval of the form [j, j 4+ 1] before

reaching either n + 1 or [§]. Thus, to complete the proof of (2.29), it suffices to
show that there exists a ¢ > 0 such that
2
(2.31) Pan (Vip 2 n7) > c.
But (2.31) follows as a consequence of Brownian scaling. O

We can now prove (2.27) to complete the proof of part ii. By (2.29) and the
Borel-Cantelli Lemma,

PV, >n?io.) = 1.

Thus, (2.27) certainly holds if “Og’pl_ | is unbounded. From here on, assume that
"7i is bounded. Let X,, = ViA,”Q Then the sequence X, is bounded and
logpy, | [ogpy,, .|

by (2.30), £X,, > —<2— By assumption (1.11) in part ii of the theorem, it

= Tiogry,

follows that >~ , £X,, = oo, and therefore, by Proposition 1, (2.27) holds.

3. PrRooOF oF THEOREM 2’

In light of (1.4), we may use the skew product form to represent the §-component
of z(t) = (r(t),0(t),y(t)) under P}y —as 0(t) = ¢(f0t r%(s)ds), where ¢(-) under
Pr%’y is a standard Brownian motion on S?~!, starting from # € S9!, and in-

dependent of the Markov process (r(-),y(-)). Most of the work in the proof will
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be to show that if (1.12) holds, then [ T%(S)ds under P, is uniformly tight over
€ (—1,1) as r — oo ; that is,

T1 1
3.1 lim li fi fP —ds < =1;
(3.1) im liminfin (/0 20) s <x) ;

r—0o0 T—00 Yy

and that if (1.13) holds, then fo (s )ds under Ph converges weakly to the §-mass
at oo as r — oo, and that this convergence is unlform over y € (—1,1); that is,

r—o0 Y

T1 1
(3.2) lim inf P (/O T2—(s)ds > z) =1, for all z > 0.

We will now complete the proof of the theorem relatively quickly using (3.1)
and (3.2), and then return to the main job of proving these two results. Recall
the definition of p, in (1.5). Let || - || denote a metric compatible with weak
convergence on the space of probability measures on S9~1 x (—1,1). By standard
theory, the measures i, are weakly continuous in z. For any fixed R, if we start
two independent P_}f_—diﬂ"usions7 (r(t),y(t)), one from (r,y;) and the other from
(r,y2), then the probability that their paths intersect before their r-coordinates
reach R converges to one as r — oo, uniformly over y. Indeed this follows from the
topology of R? and the fact that a Pffy—diffusion will hit y = —1 before time 75
with a probability that tends to 1 as r — oo, uniformly over y. This latter fact,
intuitively clear, and simple to prove, is left to the reader. Define

vl (0, dy') = Ply (0(1r) € df',y(1r) € dy'), for r > R.

By the strong Markov property,

:“Tﬁ,y = /NR,OCy/er,y(dgla dy/)

Assume now first that (3.1) holds. In order to prove the theorem, we must show
that, for any sequence {r,, 6,,yn,} satisfying lim, o r,, = 00,

lim p, 6, 4, exists if and only if lim 6, exists.
n—o00 e n—o00

Fix € > 0. Making a direct argument using (3.1), the strong Markov property,
and a little analysis, or alternatively, chasing through the proof of (3.1) with r =1
replaced by r = R, it follows that we can choose R, and 7. > R, so large that

TRe 1
3.3 inf PP / ——ds<e)>1—¢, foralr>r.
( ) Yy ’I",y( 0 7‘2(8) ) ) - €
If necessary, increase r. so that for any r > r, the probability that two independent
diffusion paths, as described above, will intersect before their r—coordinates reach
R, is at least 1 —e. It then follows that, for r > r., the §-marginals of yr ) 4, and

594/2 are close to the dJ-measure at 6, and, via coupling, that their y-marginals
are close to one another; thus, the entire measures are close to one another. This
closeness is uniform over 6,y; and y. We conclude from the above analysis that
(3.4) lim sup |[|pr0,y, — Hro,4./| = 0.

7"_009,?!1,?!2

Similarly, if ro > r1 > 1, then by the strong Markov property

Hry,0,y = /Mﬁ, 7?!'1/7"2 Gy(delady/)'
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Thus,

||tu7"27927y2 - Mﬁ,al,yl” - || /(Mm,@’,y’ - Nhﬂhyl)y:zl,ez,yz (de/ady/)H
(3.5)

< [ = s 172, (00" )

From the fact that (r(t),y(t)) is a Markov process without the #-component, from
the representation 6(t) = qb(fot r%(S)ds), and from (3.1), it follows that

(3.6) ,hm Sup ||pry,00,y = fry,01,97]] = 0.

0’ =01 11,01,y
Writing ||ﬂr1,9’,y’ = Hry 61,51 || < ||MT1,9/JJ’ = Hry 61,y || + ||ﬂr1,91,y/ = Hry,61,51 ||a noting
from (3.3) that, uniformly in 62 and yo, the #-marginal of 1/:21 0,.y, @PProaches the
d-measure at 02 as r1,r2 — 00, and using (3.4), (3.5), and (3.6), it follows that

(3'7) lim sup ||ﬂrz,92,y2 - Nr1,91,y1|| =0.

Tlé;i_éfo Y1,Y2,61

Since the space S¢71 x [—1,1] is compact, the measures {y, g} are tight. Thus, it
follows from (3.7) that lim p,., g, 4, exists whenever r, — oo and 6,, converges.

To complete the proof in the case that (3.1) holds, it only remains to show
that lim, o ftr.0,,y 7 liMy_o0 ir0,,4. TO see that this is true, note from the skew
product representation that the f-marginal of lim, . ftr0,,, has a distribution of
the form [;° ®(s)n;(ds), where, for each s, ®(s) is a Gaussian distribution on S*1,
centered at 6;, and n; is a probability distribution on [0, c0). It follows then that the
density of lim, .o ftr 9,y attains its unique maximum at ;. Thus the distributions
are distinct for §; # 2. This completes the proof in the case that (3.1) holds.

Now assume that (3.2) holds. Recall that, to prove the theorem, we must show
that

lim gy, 0,4, €xists,

n—oo

for any sequence {ry,,0,,y,} satisfying lim, .., 7, = oo. Since the measures
{pro,y} are tight, it is enough to show that there is only one possible limiting
distribution. By the coupling argument noted above, it follows that there can only
be one possible limiting y-marginal, and by (3.2), the skew product representation
for 6(t), and the fact that ¢(¢) is ergodic on S9471, it follows that the uniform dis-
tribution is the only possible limiting #-marginal. Thus, to complete the proof, it is
enough to show that any limiting distribution on S%~1 x [~1, 1] must be a product
distribution. Specifically, we will show that if

(3.8) p(df,dy) = lim i, 9, ., (d0,dy) = lim P!, (6(m1) € df,y(n) € dy)

is some limiting distribution, then, for any subinterval (a,b) C [—1,1], the condi-
tional distribution

Ju 1(d6, dy)
b
Jga—r [, u(do, dy)
is equal to the uniform distribution. Now u(dfly € (a,b)) can be obtained as

follows. Recall the definition of h in (1.3). Define h(z) = P.(m < o,y(n1) € (a,b)).
Whereas P" corresponded to the original P-diffusion conditioned to hit {r = 1}

w(dfly € (a,b)) =

before hitting I'p, P,i‘ corresponds to the original P.-diffusion conditioned to hit
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{r=1}n{y € (a,b)} before hitting ({r =1} N {y ¢ (a,b)}) UT'p. It then follows
that the limit on the right-hand side of (3.8) continues to exist when & is replaced
by h. Defining i1(df, dy) by the right-hand side of (3.8) with A replaced by h, it
follows that p(df|y € (a,b)) is equal to the #-marginal of j1(d6, dy).

Now the exact same argument that we give below to prove (3.2) can be used to
prove that (3.2) also holds when h is replaced by h. T hus, just as we concluded
above that the #-marginal of p was uniform, we can conclude that the #-marginal
of /i is also uniform. This completes the proof in the case that (3.2) holds.

Proof of (3.1) under the assumption that (1.12) holds. By Chebyshev’s inequality,
it is enough to show that

T1 1
3.9 li El ———ds < .
(3.9) im sup sup 7w/o 20s) s < 00

r—00 Y
Define
un(ry) = B / Ty ((5))ds.
0

From the strong Markov property, it follows that (3.9) will hold if we show that

(o]
sup,, Un(n,
(3.10) > pyni’;(y) < 0.
n=2

We now make a construction which will allow us to rewrite u,, above in terms of
Effyv instead of Efy This will make things much simpler because under Ef}@’ the
components r(t) and y(t) are independent. Note that u,, is the minimal positive
solution to Alw, = —Ijp—1,) with the Neumann boundary condition on I'y and
with the Dirichlet boundary condition on {r = 1}. (No boundary data is given
explicitly on I'p, but rather implicitly through the minimality requirement.) Recall
the definition of Ay and A"~ in (1.14) and (1.15). The measure P"~ corresponds
to the original reflected diffusion conditioned on 7 < oco. Define g = %, and

note that g vanishes on I'p. (In fact, g(r,y) = P! (m1 < 0).) Define v, = guy,.
Since AMu,, = %Ahun = gh#NAthn = éAthn, it follows that v,, is the minimal
positive solution to A"~Nvy,, = —gI| [n—1,n) With the Neumann boundary condition on
I'y and with the Dirichlet boundary condition on I'p and on {r = 1}. From this it

follows that

unlriy) = 2 () = Ly / " gr($).9() L1y (r(5))ds.

9(r,y)
Thus,
.11 () € — 1B [ e
| T B SR

Recalling from (1.16) that h(r,£1) does not vanish if » ¢ | ~_;[am,bm] C
Uso_i[m+ 3, m + 2], it follows by Harnack’s inequality that

m=1

hry') _

up
rE[n—/l,n] h(n, y)
Yy

(3.12)
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From (3.11), (3.12) and the definitions of h, hy, and g, it follows that there exists
a constant ¢ > 0 such that

TINO
(3.13) un(n,y) < CEZ’ZV// Iy, (1(5))ds.
0
We leave it to the reader to check that
R Tn+1/A\T1
(3.14) C = sup E;”Z/ Ii—1,n)(1(8))ds < oc.
n 0

This is done via a direct calculation since F,(r) = E}M fOT”“ATl I,y (r(s))ds

satisfies (er2 + 2L ANE (r) = —Ip_1,(r), for v € (1,n + 1) and Fo(1) =
F,(n+1)=0. Let

(3.15) Yo = inf Py, (o < 1)

It follows from (3.13), (3.14), (3.15) and the strong Markov property that
C

o0
3.16 (n,y) < C (1 =)™y, = —.
(3.16) ) <O m(l— )"y o

m=1

We will prove the following lemma.

Lemma 7. For any q > 1, there exists a constant cq > 0 such that

n

Y > cq(|10g Py gl ™2 N ————),
o o | 1og pri,gn

where p,, ., is as in the statement of Theorem 2'.

It follows from Lemma 7 and (3.16) that (3.10) will hold if (1.12) holds. Thus,
the proof of (3.1) will be complete when we prove Lemma 7.
Recall the definition of {v,,}52 from the beginning of section 2. Define

Wn :j, ifl/j = Tn-

Under P~V for m an integer, W,, counts the number of times the process r(t)
upcrosses or downcrosses an interval of the form [j, j + 1] before reaching n.

Proof of Lemma 7. In the calculations that follow, ¢ will denote a positive constant
whose value may change from line to line. For ¢ > 1, we write

(3.17)
P:jrvl y(a < Tp) > Pnjrvl y(a < Tn; sup r(t) < gn)
0<t<mn
(o]
Z Pf;_’:l yo<m|Wy=m, sup r(t) < qn)Pffﬂl(Wn =m, sup r(t) <gqn),
m—1 0<t<7p 0<t<7y,
and

P:H (T < oWy =m, sup r(t) <qn)
0<t<rs
(3.18) A .
= Epi Pyt < oW, = m,0<s:1<p r(t) < gqn,r(v;),j=1,..,m—1).
Tn
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Similar to (2.18), for any sequence {r;}" satisfying ro = n + 1,[rj41 — 1| =

L,rm=mn,and r; € {n+1,...,[gn]}, for j =1,...,m — 1, we have
Py (T < olWa = m, sup 7(t) < qn, {r(m) 5t = {r)770)
0<t<7n
(3.19) mt
= H Pr]i\]y(w)(nafl ATrp1 < O|Tr, 1 ATryg1 = Ty )
=0

Using Lemma 1 for the first inequality below, and the condition on the sequence
{r;} for the second inequality, we have

Ph’y(Tn_l ANTpg1 <O, A ATpp1 =Ty ) S 1= “()gﬁ
(3.20) - ¢ ’
|10gpr_z,qn|.
From (3.18)—(3.20) we have
(3.21) P:H (T < o|Wp=m, sup r(t) <gn)<(1- %)m
0<t<ry, | 10g pngnl

Using (3.21) in (3.17), we obtain
(3.22)

> c
h
Pnjr"ly o< Th) > E
m=1

- —————)")PI (W, =m, sup r(t) < qn).
|1og pr gn| 0<t<m,

Using the summation by parts formula,

Z Pmm = p1Q1 + Z — Pm—1)Q@m,

where @, = Z;im gk, and where the condition lim, oo ppn@n+1 = 0 holds, we
obtain from (3.22) and (3.15) that

(3.23)

o)
c

Vo > ———— (1= ———)""'P/¥, (W, = m, sup r(t) < qn).
|10g pn.gn|” 2= [l0og pr.gnl o<t<r,
We also have for some ¢; > 0,

o0

- %)m 1P,}ff1(W >m, sup r(t) < qn)
m—=1 | 10g pr,qn| 0<t<rn
(3.24) (REEy )
2l Z PN (W, >m, sup r(t) < qn)

0<t<7n
= ClEhH(W A 11108 pry gnl D supyc e, r(t)<an}-
Now we will show that
(3:25) B (Wa Al108 oy gnl) L supoc o, riy<any = €108 iy gul * A
Lemma 7 will then follow from (3.23)—(3.25).
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To prove (3.25), let M,, = [|log p;qnﬁ A %171] Then (3.25) will hold if we show
that

(3'26) EZ% (Wn A Mg)l{supogtgm r(t)<gn} > cMy,.

Note that there exists a constant ¢ > 0, independent of n such that

h C
(327) P’nill (Tn+M” < Tn) 2 E
Indeed (3.27) can be proved by a direct calculation since the left-hand side is equal
to fn(n 4 1) where f, satisfies 3 f/ + 322 f/ = 0 for r € (n,n + M,) and f(n) =
0, f(n+ M,) =1. We also claim that there exists a ¢ > 0, independent of n, such
that
(3.28) P:j:M(Wn > M2, sup 7(t) <qn)>c.
0<t<7n

It’s easy to see from the strong Markov property and the definition of W,, that if
(3.27) and (3.28) hold, then (3.26) holds. Thus, it remains to show (3.28).

To show (3.28), we note that, by Brownian scaling, it follows that, for each
L > 0, there exists a ¢(L) > 0, independent of n, such that

(3.29) PNy (7o = LM, 7 < Tnyans,) > o(L).

Note that under P~ for m an integer greater than n, 7,, can be represented by
W7l

(3.30) o= (v —vj-1).
j=1

Since by assumption, n + 2M,, < gn, it follows from (3.30) that
P:iVM,,L (T > LMy%an < Tntam,)
< Py, (W = M7, sup r(t) < qn)

(3.31) 0<t<7,

Wh
+ ngMn(Z(uj —vj_1) > LM,QL, W, < M3,0<511<1) r(t) < gn).
— <t<mn

<

Letting A, denote the event {W, < M2 supy<,<, r(t) < qn}, we rewrite the
second term on the right-hand side of (3.31) as

W,
Pl O (v —vi1) = LMW, < M§70<SF<P r(t) < qn)
j=1 SUSTn

(3.32) "

=B (PR (OO (v —vjo1) > LM Ay); Ay).

=1

<.

Now for any m < M2, and any sequence {r; }iLo satistying 7o = n + My, =
n,n <r; <qn,for j €{1,2,..,m—1}, and |r; — r;_1| = 1, the random variables
{vk — ve—1}}, under P:j:MHWn =m, {r(l/j)};-”zz1 ={r; ;”;11) are independent
and V41 — vy is distributed like 7, ,, under PN (|7, _1 A Ty g1 = Tryly)-

We now need the following fact:

There exists a A\g > 0 such that

(3.33) W(A) = sup BN (exp(A(Tn—1 A Tnt1))|Tat1 < Tnz1) < 00, for A < Ao.
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To show (3.33), we note that standard methods, which any reader who has followed
this article up until here should be able to reproduce without much difficulty, show
that there exists a Ay > 0 such that the principal eigenvalue for the operator
%(i‘l—; + 3244 in [n — 1,n + 1] with the Dirichlet boundary condition at n — 1 and
n+ 1 is larger than A for all n, and that supy<y, , EiN exp(A(Tn—1 A Tny1)) <
o0. By the strong Markov property, E!~ exp(S\(Tn,l A Tog1)|Tns1 < Tn—1) =

f;(n)EﬁN (exp(A(Tn—1 A Tnt1)); Tnt1 < Tn—1), where, for r € [n — 1,n + 1],

Td_2 _ (TL _ 1)d—2
(n+1)4=2 — (n—1)4-2"
A similar formula holds of course when the terms 7,41 and 7,,_; are interchanged.
This proves (3.33).

Using (3.32), (3.33), the claims in the text between (3.32) and (3.33), and Cheby-
shev’s inequality, we have, for A € (0, \g) and m < M2,

Jn(r) = PrhN(TnJrl < Tpo1) =

Wi,

(3.34) Py (Y (v —vj1) = LMW, = m {r(v) Y/ = {r} 1)
: =

< exp(—ALM2)$™(N) < exp(—ALM2)pMe (\).
Choose L sufficiently large so that v = exp(—AL)¥(\) < 1. Using this in (3.34),
and using (3.31) and (3.32), we conclude that
Py (T > LM, 7o < Tni2n,)
(3.85) < P, (W = Mﬁ’of?& r(t) < qn) + 4.

Since the left-hand side of (3.28) is obviously positive for all n, (3.28) now follows
from (3.29) and (3.35). This completes the proof of Lemma 7 and thus also of
(3.1). O

Proof of (3.2) under the assumption that (1.13) holds. First of all, we note that by
the strong Markov property it’s enough to prove (3.2) with r — oo replaced by
n — 00, where n represents the natural numbers. Using the strong Markov property
again, it follows that, for any integer n > 1, and any sequence {yj}”_1 the random

j=1>
variables
Tj 1
dstn1
=
Tj+1

are independent under Pf;y( ly(7;) =v;, j=1,...,n—1). Since

T o
———ds = / ———ds
A TZ(S) jz:: Tj+1 TZ(S)

1

. . TiNK 2
under Pf;y( ly(7;) =yj, j =1,...,n—1), and since for any K > 0, f7]+1 / T%(S)ds <
K, (3.2) will follow easily from Proposition 1 if we show that, for some K > 0 and

for any sequence {y;}52,

,Yn

n—1 7'7‘/\K'j2
. h . a4 _ N
(3.36) ?’L11—>H;OE (; /Tj+1 T2—(s)ds|y(rj) =y;, j=1,..,n—1)=o0.
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Rewriting the above requirement using the strong Markov property, and making
the expressions smaller by replacing 7; in the upper limit of the integral by 7, 1,
it follows that (3.36) will hold if we show that

00 N an/\7'”+1716 1
(3.37) Z EnJrLynﬂ(/O 2(s) ds)|y(Tn) = yn) = oo.
n=1

Using the strong Markov property, we have, for any A C [—1, 1],

(338) an/\ﬂ—wri
ET}LL+1,y7,+1(fO ' 7"21(3) dS)P:LL+ﬁ,y(T”+%)(y(Tn) € A)

Pl gy () € A)

We will now show that there exist positive constants ¢y, ¢, independent of n > 1
and y € [—1, 1], such that
dP:+T1(3’y(y(Tn) € )

c1 <
dPT}LL+1,y,,+1(y(Tn) €-)

(3.39)

S Co.

Let w > 0 denote a nonnegative, bounded continuous test function, and define
fu(r,y) = Bl yw(y(ra)), for r > n and y € [—1,1]. Then (3.39) will follow if we
show that there exist positive constants ¢y, ¢a, independent of n > 1, y € (—1,1),
and w, such that

fa(n + 15, 0)
s 7/ =
fn(n+17yn+1)

To show (3.40), let Fy(r,y) = EM (w(y(ra)); T < o), for r > n and y € [-1,1].
Also, let g = % as we did after (3.10). Note that F,, and g are A"¥-harmonic for
r >n and y € [—1,1] and satisfy the Neumann boundary condition on Iy and the
Dirichlet boundary condition on I'p. Since the coefficients of AP~
are uniformly bounded for » > 1 and y € [-1,1], and since by (1.16), I'p N
{rem—1n+3} c{re@m+in+3)} it follows by Harnack’s inequality
that there exist positive constants c1,co, independent of n > 1 and y € (—1,1),

Fr(nt7=,y) g(ry) _
such that ¢; < F(leﬁm < ¢9, and such that ¢; < ) <cg,forr=n+1or

r=n-+ 1—16. These inequalities along with the representation

(3.40)

Q
™)

h N
In(ryy) = Eﬁ,yw(y(Tn)) =

(w(y(m))g(n,y(mn)); T < 0)
9(r,y)
complete the proof of (3.40), and thus of (3.39).

From (3.38) and (3.39), it follows that we can remove the conditioning in (3.37);
that is, (3.37) is equivalent to

oo 2AT
(3.41) ZEh 1 /K" et _1 ds = oo.
n+1l,y 0 rz(s)

n=1
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Define G = (U, ;[n+ &, n+ 1]) x (—=1,1). Let ¢ > 1. To show that (3.41) holds,
it of course suffices to show that

[e'e] Kn2/\TL17L/\Tn+% 1
Eh / ) 1a(r(s))ds = oo,
nz::l n+ly o r2(s)

or equivalently, that
oo
Un(n+1,y)
(3.42) z:l — 7 =%
n=

where

N Kn"ATgn /\7'”_*_% 1
Un(r,y) = B!, la(r(s))ds, r e (n+ T qn),y € (—1,1).
0

Now U, (r,y) is equal to Un(r, y, Kn?), where Un(r, y, t) satisfies the parabolic equa-
tion

ou,, 1
:—Ah 1 — -1,1
(’% U, + 1¢, re(n+16,qn),y€( ,1),
Un(n+ 7y,) Un(qn,y,t) =0, ye€[~1,1],t>0,

X 1
Un(mho) =0, re(n+ E,qn),y € [-1,1].

and V, = gUn, it follows by the argument appearing between

Letting g = h};
(3.10) and (3.11) that V, satlsﬁes t” = 1AhNV + glg, V, satisfies the Dirichlet
boundary condition at r = n + 16, at r = gqn, and on I'p, V,, satisfies the Neumann
boundary condition on I'y, and V,, vanishes at ¢ = 0. Thus, the type of analysis
used between (3.10) and (3.11) shows that

(3.43)

. ) 1 N Kn“ATgn AT ’+11T Ao
Un(r,y) = Un(r,y, Kn?) = ——Bhy / 9(r(), 4(s)) 1 (r(5))ds.
g(rv y) 0

O
To proceed, we need the following lemma.

Lemma 8. Let M, = [(p:{’qn)% A @n], where p;f ., is as in the statement of

Theorem 2, and let Gy, = (" [m + =, m+ £]) x (=1,1). Then there exists a

m=n

¢ > 0, independent of n, such that

inf  g(r,y) > csupg(n,y).
(ryy)EGn y

Proof. Recall from its definition that g(r,y) = Pflfj (11 < o). Thus, by the strong

Markov property (or the maximum principle), sup,, g(r,y) is decreasing in 7. Also,

by Harnack’s inequality, (1.16) and the definition of G,,, there exists a ¢ > 0 such

that inf, g(r,y) > csup, g(r,y), for r € U,2, Gy,. Thus, it suffices to prove the

estimate

(3.44) sup g(n + M,,y) > cinf g(n, y).
Yy )
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By the strong Markov property, we have

(3.45) gn+ My,y) = EM ) (9(n,y(m0)); T < 0).
Thus, (3.44) will follow from (3.45) if we show that
(3.46) inf Py (Tn <o) > 0.

The same type of argument that showed (3.21) shows that

¢ m

phx Tn < olWp, =m, sup r(t) <gn)> (11— ———)™.
n+Mmy( n W 0<t<m, ) )= ( |1ngﬁ,qn|
Thus, recalling the definition of M, (3.46) will certainly hold if we show that there

exists a ¢ > 0 independent of n such that

(3.47) PJLL_’;’MW y(Wn < M2, sup r(t) <qn)>c.
a 0<t<7n
The proof of (3.47) is very similar to the proof of (3.28). Indeed, by Brownian

scaling, (3.29) still holds when 7,, > LM?2 is replaced by 7, < LM?2. Also, (3.31)
holds with the inequalities 7,, > LM2, W,, > M,QL,Z;/V:’}(VJ- —vj_1) > LM2, and
W, < M2 all reversed. Now use a parallel argument to the one used after (3.31),
this time employing Chebyshev’s inequality with A < 0 and with L > 0 sufficiently

small. We leave the rest of the details to the reader. O

From Lemma 8 and (3.43) we obtain

2
/Kn /\an/\Tn_*_%/\O'

Un(n+1,y) > cEM, lg, (r(s))ds.

Recalling the definition of M,, in Lemma 8, and noting that n+ M,, < gn, we then
have

/Kn2/\7—7l+1\/1n/\7—7z+116/\a

(3.48) Un(n+1,y) > cEZiLy ; 1a(r(s))ds.

Recall again the definition of v; from the beginning of section 2. Define W, as
follows:

W, =inf{j: vj;1 > Tntk O Vj = TntM, }-

Thus, under Pf;_’:l, W, counts the number of times r(t) upcrosses or downcrosses
intervals of the form [m,m + 1],m € {n+1,...,n + M,, — 1} before hitting n + %
or n+ M,. Now let Yy = fl,T'ZL*T%AT’LJrM"’ 1a(r(s))ds, and if W,, > 1, let

Wn,

R vj N
Y; = / la(r(s))ds, j=1,..,Wy.
Vj—1
Similarly, let Yy = Tt Aot M, — Vi, » and if W, > 1, let
Yj =V; —Vj_1, ] = 1, 7Wn

Note that

7—77,+]\/In/\7—ﬂ+i Wn
| ds = Y; and A =YY, phy
a(r(s))ds = jand Tnn, N Tpy L = ja.s. Py,
0 .
Jj=0
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Thus we have the inequality

EMw

n+l,y

KTLQ/\T,,L+M"/\TR+L No
/ G (r(s))ds

(3.49)

W
hn _ E : .
2 En+1,y(17'n+% /\Tn+Mn<l7)(1Z;V:w(L) Y;San YY)
=0

Let [ be a positive integer and let {rj}é-zo be a sequence satisfying rg = n +
1,7 = n+lorn+M,,|rjp1—r;| =1,r; € {n+1,...,n+M,—1}, forj=1,...,m—1,
and let {y;} € [-1,1]. Let Any = {7, L ATnyn, <o, Wo =1r(v;) =75,y(v;) =
y;,J = 1,...,1}. (We suppress the dependence of A, ; on all the other variables.)
Note that under Pfﬁl,y(- | A1), the random vectors {(Y},Y;)},_, are independent.
To estimate the right-hand side of (3.49), we will need the following lemma whose
long proof we postpone until the completion of the proof of the theorem.

Lemma 9. . There exists a ¢ > 0, independent of n,l and k, such that

(3.50) Entiy (e v g V)l Anid) 2 ¢, for k<1< n?

Using (3.50), we have

Wy
h N
Enil,y(l‘rn_*_% /\Tn+M,,L<U(]-ZjVZnO Y; <Kn?2 Z }/})|An,l)
Jj=0

W,

h LA
- E"ilvy(lzfl’g Y, <Kn? ZYJMn,l) > cl, for I <n?
j=0
Thus,
WTL
h A
(3.51) Enil,y(l‘rﬂﬂ_% A7—7L+Mn<cr)(1z;gv=,6 Y; <Kn? jzz;) Y])

h i 2
> By (Wo An 7,00 A Tpgw, < 0).

6
Recalling that n + M,, < gn, we note that the same type of argument used to show
(3.21) shows that

N C
3.52 phn A AT, <olW, =k)> (1 - ——)k
( ) n+1,y(7—n+ 116 Tn+M,, J| ) sl ( |10gp:{’qn|

Thus, writing
PY}LL-‘,IYly(Wn =k, Tyt ATngn, <0)
= PNy (g ATagar, < oWy = R)PIY, (W, = k),
it follows from (3.52) that, for some ¢ > 0,
(3.53) Eﬁﬁly(Wn An?; Tot & A Tngnr, <0) 2 cEﬁfly(Wn An?A [10g p} u)-
A proof just like the proof of (3.25) shows that

~ 1
(3.54) EMY (Wa An? Allogpt ) = cllog pl ]2 A
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From (3.48), (3.49), (3.51), (3.53) and (3.54), we have
(3.55) Un+1,y) > 1ogpqun|% An.

From (3.55) and condition (1.13) in part ii of the theorem, we conclude that (3.42)
holds, thereby completing the proof of (3.2).
We now return to the

Proof of Lemma 9. To prove the lemma, we need the following two facts: There
exist a Ag > 0 and c¢g, ¢1,ca > 0 independent of k£ and n such that

(3.56) ENY L (exp(AYz)[An,1) < co,for A < Ao,
and such that
(3.57) < EM L (VlAng) S BN (VilAng) < oo

So as not to interrupt the flow, we will complete the proof of the lemma and then
come back to prove (3.56) and (3.57).

We note that it follows from (3.56) and (3.57) that there exist Cy,C3,C3 > 0
independent of k and n such that

(3.58) P, (Cr <V < o, Yy < CalAny) > Cs.

To see this, note that if (3.58) did not hold, then for each positive integer m there
would exist a k,, and an n,, such that P,?NH y( < Yi,, <m, Yy, <m|A,, ;) <
LIt would then follow that

m

Pr?:,\jJrl,y(Ykm < —|Anm,l) + Pr?,fﬂ,y(y = M| An, 1)
(3.59) ) 1

+ P N +1, y(Ykm > mlAnm,l) >1-— E
However by (3.56), we must have

wP—I»noo Pn "1 y(Ykm > mlAnp,, 1) = hm an+1 y(Ykm > m|Ap,, 1) =0.
Using this with (3.59) would then give
- 1

(3.60) dim P (e, € —An, ) = L

But then it would follow from the lower bound in (3.57) and from (3.60) that, for
any M > 0,

(3.61) lim inf B~ Nty Vi Vi, > M|Ap,, 1) > c1.

m—0o0

From (3.61) and Chebyshev’s inequality, we would obtain

Anm,l)

lim inf En "1,y (exp(AYE,,)

m—00

(3.62) ) o
> i exp(AM) hm 1nf EMN N1y Vs Ye, > M[A,, 1) > i exp(AM).

Since M is arbitrary, (3.62) contradicts (3.56). This proves (3.58).
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Recalling the independence of the (Yj,Y;)’s under P,?H y([An), and letting
Zy = je{1,..1y Yy, we have
J#k

W,
n+1,y(C1 <Y < CQ,ZY < Kn?|Any)

7=0
> Pn—i—l y(Cl < Yk < (0%,Y, < CQ|Anl) n+1 y(Zl < Kn? — CQlAnJ).

A standard large deviations result using (3.56) and (3.57) shows that, for K suffi-
ciently large, there exists a ¢ > 0 independent of n such that

(3.64) PN (Z < Kn? — Ca|Any) > ¢, for 1 <n®

Now (3.50) follows from (3.58), (3.63) and (3.64).

We now return to prove (3.56) and (3.57). Note that Yj and Yj under
P (- [Any), are distributed respectively either according to the distributions
of Tmy1 and [ 1g(r(s))ds under PN (741 < Tme1 A 0,y(Tms1) = §) for
some integer m > 2 and some y,§ € [— 1 1] or according to the distribution ob-
tained by switching the roles of m + 1 and m — 1 above. The calculation we now
make holds just as well with the roles of m + 1 and m — 1 switched. We claim that
there exists a Ag > 0 independent of m such that

(3.63)

(3.65) E%’Yy(exp()wmﬂ)hmﬂ < Tm—1 A0, Y(Timt1) = §) < co, for A < Ag.

Now (3.56) follows from (3.65). In the following parenthetical, we sketch the proof of
(3.65), leaving the reader to complete the details. (An argument similar to the one
between (3.37) and (3.41) which showed that (3.37) was equivalent to (3.41) shows
that (3.65) is equivalent to the same inequality (possibly with different Ag and cg)
with the condition y(7,,+1) = ¢ deleted. Now let V;,,(r,y) = Ph (Tit1 < Tm—1/A0).

The h-transform of A" by the function V;, is the Operator LAVmhN - To show
(3.65) with the condition y(7m41) = § deleted, it is enough to show that the
principal eigenvalue for %AV’"}W in (m—1,m+1) x (=1,1) with the Neumann
boundary condition on ((m — 1, am—1) U (bym—1, am) U (b, m + 1)) x {—1,1} and
the Dirichlet boundary condition on {m + 1} x (=1, 1) is bounded away from zero
as a function of m. By spectral equivalence under h-transforms, this is equivalent
to the boundedness away from zero as a function of m for the principal eigenvalue
of A" in (m — 1,m 4 1) x (—1,1) with the Dirichlet boundary condition on
{m—1,m+1} x(—1,1) and on ((@m—1,bm—1) U (am,bm)) x {—1,1}, and with the
Neumann boundary condition on the rest of the boundary. This last requirement
finally can be demonstrated simply using the mini-max technique.)

To show (3.57), we must show that

Tm+1
366 B[ G < et A gy =) 2 6
0
and that
(3.67) E,Z%(Tmﬂhmﬂ < Tm—1 A0, Y(Tmt1) = 9) < ca.

Again, by the technique used between (3.37) and (3.41), it is enough to show (3.66)
and (3.67) with the condition y(7y,+1) = ¥ deleted. Thus, letting

T7n+1
Fi(r,y) = B ( / L6 (r())ds| g1 < Tm1 A 0)
0
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and Fy(r,y) = Ef}’; (Trn+1|Tm+1 < Tm—1 A 0), we need to show that

(3.68) Fi(m,y) > c¢1 and Fa(m,y) < ca.
Calculations similar to ones we’ve already carried out show that

1 N T —1A\Tm+1 N0
3.69 F =—7E Vin 1 ds,
(3.69) ) = s Bl (Mg r(s))ds
and

1 b Tm—1ATm+1/N\0

3.70 Ey(r,y) = 7E,,N/ Vin(r(s))ds.
( ) 2( y) Vm(’l", y) Y 0 ( ( ))

Applying Harnack’s inequality to V,,, similar to what we’ve done before, we conclude
from (3.69) and (3.70) that (3.68) will hold as long as

Tm—1A\Tm+1/N\0
(3.71) Eany/ la(r(s))ds > e,
0
and
(3.72) Eﬁl’fmi,l A Tma1 Ao < co.

The bound in (3.72) is very simple while the bound in (3.71), though not difficult,
uses stopping times and takes up more space. We leave the details to the reader. [
PRrROOF OF LEMMA 4
Recall that (1.16) is in effect. By the strong Markov property, we have

Pn,y(a < Tp-1 A Tn+1|7—ni1 < Tn$1)

(4'1) _ En,y(Pr(a),y(a) (Tnil < Tn?l); 0 < Tp—1A Tn+1)
Pn,y(Tn:I:I < Tn:Fl) .

Since r(o) € (n — %,n — i) U(n+ i, n -+ %), it follows from Harnack’s inequality

and (4.1) that there exists a constant ¢ independent of n such that

CPn,y(U < Tp—1 A TnJrl) é Pn,y(a < Tp-1 A Tn+1|7—n:|:1 < Tn:Fl)

1
< EPmy(O' < Tpe1 A Tnt1)-

The same proof shows that the above inequality also holds with Pf;’; in place of
P, . Thus, in the sequel, we may assume that P, is equal to either P, , or P} .

To prove the lemma, it will be useful to formulate the problem in an equivalent
way for the corresponding unreflected process. Let IADW and Pflfj be the measures
obtained by letting the y component of the P, , and Pféj processes run like unre-
flected Brownian motions on the whole line rather than as reflected ones on [—1, 1],
and let ’ﬁr,y be the generic notation for Pr,y or ]:’f‘g . We make the absorption set
periodic by defining 6 = inf{t > 0: 7(t) € U,—,(an,bn),y(t) € 2Z + 1}, where Z
denotes the integers. Then

(42) Pw(& < Tp—1 A Tn+1) = ’Pr’y(d < Tp—1 A Tn+1),
for (r,y) € (n—1,n+1) x (=1,1).

Thus, it suffices to prove the upper and the lower bound for the left-hand side of
(4.2).
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Upper bound. Let n; = inf{t > 0: y(¢t) = j}. Note that there exists a ¢y > 0 such
that

ﬁr,Qj(Tn—l A Tng1 < M2j—2 AMjt2) > co > 0,
(4.3) for (r,y) € {n} x (25 — 1,25 + 1),
r(r,y)€(n—1,n+1)x{25},j=0,%1,....
This can be proved easily, for example, by writing
Proj(Tno1 ATus1 < N2j—2 ANajra) > Proj(Tno1 ATns1 < 1,m2j_2 Anajye) > 1)
= Pr2j(Tae1 ATas1 < 1)Proj(naj—2 Amajyz > 1).
We will show that there exists a ¢; > 0 such that

L 1 g
Pry(0 < Tn1 ATng1 AMj—2 An2jy2) < Cl(logp ; + Tog pn
n— n

(4.4) for (r,y) € {n} x (25 — 2,2 +2),
r(r,y)€(n—1,n+1)x{25},j=0,%1,....

We now complete the proof of the upper bound using (4.3) and (4.4), and then
return to prove (4.4). Of course it’s enough to prove the bound for p,, small. We
argue as follows. Assume that p,, is sufficiently small so that the right-hand side
of (4.4) is less than one half the value ¢o appearing in the right-hand side of (4.3).
Starting from (n,y) with y € (=1,1), we wait until time & A 7,1 A Tnp1 A2 A
n—2. The probability that this time is in fact equal to &, in which case the event
{6 < Tph—1 A Tny1} occurs, is no more than the right-hand side of (4.4). The
probability that this time is equal to 7,—1 A T,4+1, in which case the event {¢ <
Tn—1/ATn+1+ does not occur, is at least %co. If neither of these two cases occurs, then
the above time is equal to 12 A n_2, in which case one does not yet know whether
the event {6 < 7,1 ATp11} will occur. Say, for example, that n2 An_2 = n2. Then
starting anew from (r(n2),y(n2)) = (r(n2),2), with r(n2) € (n — 1,n + 1), we wait
until time & A 7,1 A Tt1 Ao A ma. The probability that this time is equal to &,
in which case the event ¢ < 7,_1 A 7,41 occurs, is no more than the right-hand
side of (4.4), while the probability that it is equal to Tn—1 A Tn+1, in which case the
event & < T,,_1 A To41 does not occur, is at least 5¢o- If neither of these two cases
occurs, then the above time is equal to o4 A og and one does not yet know whether
the event 6 < 7,,—174+1 Will occur. Continuing like this, it follows that

A 1 1 — IR
Pry(6 < Tne1 ATng1) < Cl(|logpn| + |1ngn_1|)jz::0(1 - 500)3
2 1 1
COCI(Hngn' " |10gpn—1|)’
which gives the upper bound.

We now return to prove (4.4). Suppressing the dependence on n and j, let By
denote the disk of radius 1p, = &(b, — a,) centered at (r1,y1) = (22422, 25 + 1),
which is the midpoint of the line segment (a,,by,) x {2j + 1}. Define similarly

By with center (ro,y2) = (222 25 — 1) and radius 1p,,

(==

In— 1+b” L 25+ 1) and radius 2 Qpn 1, and
By with center (r4,y4) = (‘1”12#,2] 1) and radius 1pn,—1. Again sup-
pressing the dependence on n and j, let .S;, for i = 1, ..., 4, be the disk of radius 4

Bj with center (r3,ys) =
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centered at (r;,y;). Note that (r,y) ¢ Ule B;, if (r,y) is as specified in (4.4), and
note also that (n—1,n+1)x (2§ —2,254+2) C S;,i=1,...,4. Let 75, = inf{t > 0:
(r(t),y(t)) € B;},i =1,...,4, and let Tg, = inf{t > 0: (r(¢),y(¢)) ¢ S;},i =1,....,4
Then under ’ﬁ,«,y, with (r,y) as specified in (4.4), we have

6> min 7p, a.s.

i=1,...,4
and
Tn—1 N Tpt1 A M2j—2 AN2jye < Ts, as., fori=1,..,4.
Thus,
4
(45) Pry(6 < Tnt ATng1 AMi2j—a ATj2jia) Z: (1B, < Ts,),

for (r,y) as specified in (4.4).

We now make an argument which will allow us to bound from above the expres-
sion on the right-hand side of (4.5) by a constant times the corresponding expression
obtained by replacing the probabilities appearing there by standard Wiener mea-
sure. Let s = ((r—r1)2+ (y—11)2)2 and ¢ = arctan 4= denote polar coordinates
for (r,y), centered at (r1,y1). Noting that the distance between (r,y) as specified
in (4.4) and U?=1 B is at least 1 and that the distance from (r,y) as specified in

(4.4) and U?=1 S¢ is at least 1, it follows that

(46) 757’,74(’7—31 < TS1) P(bg,bd))( %pn < ~4)’

bh,b(p

where P is the measure corresponding to an operator of the form

19> 10 1 92 0 be(r,y) O
-2 -2, - Y be(r,y)— 0 J) Y

(2852 + 25 0s + 252 8(;52) + (bs(r y)as T §2 8(;5)

with |bs| and |by| bounded independent of n and j, 75 = inf{t > 0 : s(¢t) = s}, and
s=(r’+ yQ)% € (%, 3). Of course, if we let s, ¢ denote polar coordinates centered
at (r;,v:),7 = 2,3,4, then (4.6) also holds with B; replaced by Bs, or with B
replaced by Bs or By and p, replaced by p,_1. Let M > 0 be an upper bound on
|bs|. By comparison, it follows that

(4.7) Pl 7y, <) < POy, < ).

s, %Pn

In the notation we are using, Piod,)o) is standard two-dimensional Wiener measure,
and by the Cameron-Martin formula, we have

p(—M.0)

- (0,0 1 - . .
(48) o (Tlm <Ty) = Eé,d) )(exp(M(s — §pn) - TT%pH); Ti,, < 1)
< cP(Fy,, < Fa).

For two-dimensional Brownian motion, we have the well-known formula
logs — log4
log(3pn) —log4

Now (4.4) follows from (4.5)-(4.9).

Lower bound. Consider only those n large enough so that p, < % Let (ro,y0) =

(“”’TH’", 1) and let D;,i =1, ...,4, be the nested sequence of disks centered at (rg, yo)

1
49)  PY(Fy,, <) = for s = (P +47)% € (5pn4).
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with radii % Pns % Pns %, and % respectively. (We suppress the dependence of D; on
n.) Note that by (1.16), D4y C (n,n+ 1) X R and

(4.10) i%f dist{{n} x (-1,1), D3} > 0.
Let 7p, = inf{t > 0: (r(¢),y(t)) € D;} and let Tp, = inf{t > 0: (r(t),y(t)) ¢ D;}.

A standard argument using (4.10) and the uniform boundedness of the coefficients
shows that

(4.11) Pry(TDy < Tno1 ATns1) > ¢ >0, for y € (—1,1) and all n.
We will show that there exists a ¢ > 0 such that

(4.12) Pry(tp, < Tp,) > Tozpi] ¢ ol for (r,y) € OD3 and all n,
and that
(4.13) Pry(6 < Tp,) > ¢ >0, for (r,y) € dD; and all n.

The lower bound now follows from the strong Markov property and (4.11)—(4.13).
It remains to prove (4.12) and (4.13).

We begin with (4.12). Making the same type of argument used in (4.6) and (4.7),
and using the same notation, we have

(4.14) Py < Tn,) = PYT) (7

Tip, ;) for (’I“, y) € 0Ds.
Using the Cameron-Martin formula as we did in (4.8) gives
(M,0) 5(0,0) 1 1 M? N -
(415) Pmr(b ( *Pn <T %) 510’¢(exp(M(1pn—E)—T 4p”) T%Pn <Té)

Recall that ’Piod’) ) is standard two-dimensional Wiener measure. Let

log s — log%

<T .
Pn 1og%

(4.16) h(s) =P (7 )=

o=

T1
1Pn

log &

Then the the conditioned process corresponding to P(O (;)( < 71) is generated

|7~%pn
by the h-transformed operator
102 10 1 02 WO

95 T 3505 V2002 T Hos

The function uy(s) = 5(0 O)( Ti,,

1 +1 +h’ 1 6(1 1)
2un 7% ul, hu =—1 forse (1o 7).

Solving, we obtain

n(s) = / ) th21(t) ( / " orh2(r)dr)dt
(4.17) apn b

:/ ;12(/727«(10@_1% )2dr)dt.

1,, t(logt —log £)? " J;
One can check that the integrand on the right hand side of (4.17) is integrable at
0; therefore we can conclude that

(4.18) supé'(0 O)( Tip,,

e

|71,, < 71) is the minimal positive solution to
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From (4.18), we conclude that there exists an L such that

(4.19) s:pﬁgfg(%%pn < L|fy,, <71)> %

From (4.19) and (4.15) we obtain
75;34”0)(%%% <F1)

@20) =M G- ) - 25 ia, < 7)PUYE, <)
> Lo - P00, <y

Now (4.12) follows from (4.14), (4.20) and (4.16).

We now prove (4.13). Let PV denote standard two-dimensional Wiener measure
for (r(t),y(t)). Let b(r) equal either 41 or 3-¢ depending on whether P,y is
representing Pr,y or pf‘g , and let B be a primitive of b. Using the Cameron-Martin
formula, we have
(4.21)

Pr:y(a- < TD2) > ﬁr,y(a- <1A TD2)

= E,Zg(exp(/o b(r(t))dr(t) — % /OU V2 (r(t))dt); 6 < 1A Tp,)
= B\, (exp(B(r(6)) — B(r) — %/OU W (r(t))dt — %/OU V2(r(t))dt);6 < 1A Tp,)

> cPXZ(& <1ATp,), for r > 1,and all y,n,
where ¢ > 0. By Brownian scaling, there exists a ¢ > 0 that
(4.22) PJZ(& <1ATp,) > ¢, for (r,y) € 0Dy and all n.
Now (4.13) follows from (4.21) and (4.22).
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